In this paper, we define almost generalized 2-absorbing submodules (ideals) and weakly almost generalized 2-absorbing submodules (ideals). These are generalizations of the 2-absorbing and weakly 2-absorbing submodules (ideals) defined by Badawi and Darani. Their properties are investigated.
INTRODUCTION
Throughout this paper, unless otherwise stated, all rings are commutative with non-zero identity and all modules over these rings are unitary. Let R and M stand for a ring and a module over ring R, respectively.
New objects related to prime and weakly prime ideals were introduced and studied by Badawi and Darani 1 . These are the concepts of 2-absorbing and weakly 2-absorbing ideals of commutative rings. Darani and Soheilnia 2 introduced the concepts of 2-absorbing and weakly 2-absorbing submodules of modules over rings.
In module theory, it is known that the intersection of each pair of distinct prime submodules may no longer be a prime submodule. The intersection of each pair of distinct prime (weakly prime) submodules is a 2-absorbing (weakly 2-absorbing) submodule 2 . Note also that primary submodules (ideals) are directly closed to prime submodules (ideals). These inspired us to define almost generalized 2-absorbing and weakly almost generalized 2-absorbing submodules (ideals) in order that the intersection of each pair of distinct primary (weakly primary) submodules (ideals) is an almost generalized 2-absorbing (weakly almost generalized 2-absorbing) submodule (ideal).
The rest of this paper contains four sections. The first section introduces almost generalized 2-absorbing and weakly almost generalized 2-absorbing structures. Almost generalized 2-absorbing structures are studied in two categories, namely, rings and modules. We provide proofs of some properties. In the second section, some results and some relations of almost generalized 2-absorbing submodules of a multiplication module are discussed, especially of a cyclic R-module. Then we investigate certain rings with the property that all proper ideals are weakly almost generalized 2-absorbing in the third section. In the last section, we study those concepts in decomposable commutative rings. We extend these notions to almost generalized 2-absorbing and weakly almost generalized 2-absorbing submodules (ideals) as follows. It is obvious from the above definition that the two AG2-absorbing (weakly AG2-absorbing) structures (in terms of submodules and ideals) are related, i.e., AG2-absorbing (weakly AG2-absorbing) ideals of a ring R can be studied by considering the ring R as an R-module. Note that the zero submodule (ideal) need not be an AG2-absorbing submodule (ideal) as the following example shows.
AG2-ABSORBING AND WEAKLY

Example 1 By choosing
Hence {0} is not an AG2-absorbing submodule of 30 .
The following example shows a difference between AG2-absorbing submodules and weakly AG2-absorbing submodules. Clearly, every AG2-absorbing submodule is a weakly AG2-absorbing submodule but not vice versa in general.
Example 2 Consider the case where R = , M = /42 and N = 0. Then N is a submodule of M and 2 · 3 · (7 + 42
Hence the submodule N is not AG2-absorbing but it is weakly AG2-absorbing.
One can see that AG2-absorbing submodules are weakly AG2-absorbing submodules. Furthermore, it is obvious that every 2-absorbing (weakly 2-absorbing) submodule is an AG2-absorbing (weakly AG2-absorbing) submodule of M . Likewise, it is clear that 2-absorbing submodules and weakly 2-absorbing submodules are generalizations of prime submodules and weakly prime submodules, and AG2-absorbing submodules and weakly AG2-absorbing submodules are generalizations of primary submodules and weakly primary submodules. Similarly, these remarks also hold for ideals of the same kind. In other words, the word 'submodules' can be replaced by 'ideals. ' The intersection of each distinct pair of prime (weakly prime) submodules is 2-absorbing (weakly 2-absorbing) 2 . This leads us to study the intersection of each distinct pair of primary (weakly primary) submodules in the following.
Theorem 1 (1) The intersection of each pair of primary submodules of M (ideals of R) is an AG2-absorbing submodule (ideal). (2) The intersection of each pair of weakly primary submodules of M (ideals of R) is a weakly AG2-absorbing submodule (ideal).
Proof : (1) Let N and K be two distinct primary submodules of M . Moreover, let a, b ∈ R and m ∈ M be such that abm
Thus there are 4 cases to be considered:
it follows that bm ∈ K which is a contradiction. Hence case (i) is not possible. Similarly, case (iv) is absurd.
Case (ii). Again, since N is primary, am / ∈ N and bm / ∈ K, we show that b n b ∈ (N : M ) and a n a ∈ (K : M ) for some n a , n b ∈ . This yields
Much as in case (ii), one can get that (ab) k ∈ (N ∩K : M ) for some k ∈ in case (iii). Hence we conclude that the intersection of each pair of distinct primary submodules of M is AG2-absorbing as desired.
(2) The proof is similar to that of (1) . Another way to verify whether a proper submodule N of M is AG2-absorbing is to consider a particular submodule of the quotient R-module M /N . 
This implies that N is an AG2-absorbing submodule of M . However, the necessary condition for Proposition 1 (Corollary 2) in the case of weakly 2-absorbing submodules (ideals) does not hold, as is seen in the following example.
Example 3
Consider M = R = , N = 180 and K = 5 . Then N /K can be viewed as 36 = 4 ∩9 which is the intersection of primary submodules. Thus N /K is an AG2-absorbing submodule so that it is weakly AG2-absorbing. Nevertheless, the submodule N is not weakly AG2-absorbing since 0 = 2 2 ·
Knowing that AG2-absorbing submodules are weakly AG2-absorbing submodules, submodules that are weakly AG2-absorbing but not AG2-absorbing should be taken into account. We found that an almost generalized-triple-zero or an AG-triplezero is a handy tool for this matter. This notion is analogous to triple-zeros given in Ref. 1.
Definition 6
Let N be a weakly AG2-absorbing sub-
Proposition 3 If N is a weakly AG2-absorbing submodule of M which is not AG2-absorbing, then N has an AG-triple-zero. If I is a weakly AG2-absorbing ideal of R which is not AG2-absorbing, then I has an AG-triple-zero.
Proof : The proof is obtained directly from the definitions of a weakly AG2-absorbing submodule (ideal) and an AG2-absorbing submodule (ideal).
Some properties of AG-triple-zeros which will be used later are provided.
Proposition 4 If (a, b, m) is an AG-triple-zero of a weakly AG2-absorbing submodule N of M , then
This is a contradiction. Thus abN = 0.
(ii) Suppose that r bm = 0 for some r ∈ (N : M ).
q m ∈ N for some p, q ∈ , and hence by the Binomial theorem, We obtain from (ii) that 0
Corollary 3 If (a, b, c) is an AG-triple-zero of a weakly AG2-absorbing ideal I of R, then
For the rest of this section, we provide some results on AG2-absorbing (weakly AG2-absorbing) ideals that are not parallel to those in terms of submodules.
Proposition 5 If I is an AG2-absorbing ideal of R, then I is an AG2-absorbing ideal of R.
Proof : Assume that I is an AG2-absorbing ideal of R. Let a, b, c ∈ R be such that a bc ∈ I. Thus (abc)
n ∈ I. Hence I is an AG2-absorbing ideal of R.
In the case of weakly AG2-absorbing ideals, we also obtain the analogous result, but only for integral domains.
Proposition 6 Let R be an integral domain. If I is a weakly AG2-absorbing ideal of R, then I is a weakly AG2-absorbing ideal of R.
Proof : Assume that I is a weakly AG2-absorbing ideal of an integral domain R. Let a, b, c ∈ R be such that 0 = abc ∈ I. Thus (abc)
Hence the result follows in a similar way to the proof of Proposition 5.
Recall that if I is a primary ideal of a ring R, then (I : a) = {x ∈ R | ax ∈ I} is also a primary ideal of R for any a ∈ R I. This result also holds for AG2-absorbing ideals.
Proposition 7 If I is an AG2-absorbing ideal of R, then (I : a) is also an AG2-absorbing ideal of R for any a ∈ R I.
Proof : Assume that I is an AG2-absorbing ideal of
is an AG2-absorbing ideal of R for any a ∈ R I.
SOME RELATED RESULTS IN MULTIPLICATION MODULES
In this section, we are concerned with a specific type of modules. We provide some results and some relations regarding AG2-absorbing (weakly AG2-absorbing) submodules of a multiplication module including some restricted to the special case of a cyclic R-module. Proof : The proof follows immediately from Proposition 4 and the assumption that M is a multiplication R-module as follows:
Proposition 9 Let M be a faithful multiplication R-module. If N is a weakly AG2-absorbing submodule of M that is not AG2-absorbing, then N
Recall that an element a of a multiplication module M is said to be nilpotent if a k = 0 for some k ∈ , see Ref.
2. The set of all nilpotent elements of M is denoted by Nil(M ). In particular, it is obvious that a commutative ring R with identity is a multiplication R-module and the set of all nilpotent elements of the R-module R, which is Nil(R), is simply the standard set of nilpotent elements of the ring R.
Corollary 4 If N is a weakly AG2-absorbing but not AG2-absorbing submodule of a multiplication R-module M , then N ⊆ Nil(M ).
Towards the end of this section, we provide some relationships between AG2-absorbing (weakly AG2-absorbing) submodules of M and AG2-absorbing (weakly AG2-absorbing) ideals of R. However, these results require that M be a cyclic R-module. 
Conversely, assume that (N : M ) is an AG2-absorbing ideal of R. Let a, b ∈ R and m ∈ M be such that abm ∈ N . Thus there exists r ∈ R with m = r m. This yields abr m = abm ∈ N . Consequently, 
Corollary 5 Let M be a faithful cyclic R-module and N a submodule of M . Then N is a weakly AG2-absorbing submodule of M if and only if (N : M ) is a weakly AG2-absorbing ideal of R.
RINGS WITH THE PROPERTY THAT ALL PROPER IDEALS ARE WEAKLY AG2-ABSORBING
In this section, regular rings with the property that all proper ideals are weakly AG2-absorbing are investigated. We will provide some conditions on www.scienceasia.org regular rings which are equivalent to all proper ideals being weakly AG2-absorbing.
Definition 8 An element a of a ring (not necessarily commutative with identity) R is said to be von Neumann regular if there exists an element x of R such that ax a = a. A ring (not necessarily commutative with identity) R is said to be von Neumann regular if each element of R is von Neumann regular.
If R is a commutative von Neumann regular ring and a, b, c ∈ R, then one can show that a bc = 0 if and only if a i b j c k = 0 for some i, j, k ∈ . For a commutative ring R with identity 1, let J(R) denote the Jacobson radical, i.e., the intersection of all maximal ideals of R. Note that x ∈ J(R) if and only if 1 − r x is a unit for all r ∈ R.
Proposition 11 Let R be a commutative von Neumann regular ring with identity and a, b, c ∈ J(R). Then the ideal a bcR is weakly AG2-absorbing if and only if abc = 0.
Proof : If abc = 0, then it is obvious that abcR is a weakly AG2-absorbing ideal of R. Now suppose that abc = 0 and a bcR is a weakly AG2-absorbing ideal of R. Thus a i b j c k = 0 for all i, j, k ∈ . Since abc ∈ abcR {0}, we conclude that either a i c ∈ abcR or b j c ∈ abcR or (a b) k ∈ a bcR for some i, j, k ∈ . First, we assume that a i c ∈ a bcR. Since R is a commutative von Neumann regular ring, abcR = (a i x)bcR = a i bc xR ⊆ a i bcR for some x ∈ R. Thus a i c = a i bcd for some d ∈ R, and hence a i c(1− bd) = 0. Since b ∈ J(R), it follows that bd ∈ J(R) so that 1 − bd is a unit of R. Thus a i c(1 − bd) = 0 implies that a i c = 0, and thus a i bc = 0 which is a contradiction. Similarly, the other two cases are not possible. Hence a bc = 0. ∈ and a 1 , a 2 , . . . , a n ∈ J(R). Then the ideal a 1 a 2 · · · a n R is weakly AG2-absorbing if and only if a 1 a 2 · · · a n = 0. Note that some authors require that local rings be Noetherian, and non-Noetherian rings are then called quasi local rings. In this work, R need not be Noetherian. Since a local ring R has a unique maximal ideal, say K, we denote this local ring R by (R, K). Observe that in a local ring (R, K), its Jacobson radical is K, i.e., J(R) = K. Moreover, if a ∈ R K, then a is a unit of R.
Corollary 6 Let R be a commutative von Neumann regular ring with identity, n
Proposition 12 Let (R, K) be a commutative von Neumann regular local ring. Then the following are equivalent. (i) Every proper ideal of R is weakly AG2-absorbing. (ii)
Proof : (i) ⇔ (ii). Assume that every proper ideal of R is weakly AG2-absorbing. Let a, b, c ∈ K. Since abcR is a proper ideal of R, by (i) abcR is weakly AG2-absorbing, so that abc = 0 by Proposition 11. Thus K 3 = 0. Conversely, assume that K 3 = 0 and let N be a proper ideal of R such that N = 0. Suppose that abc ∈ N and abc = 0. Since
is a von Neumann regular local ring, thus a or b or c is a unit of R and then either bc ∈ N or ac ∈ N or ab ∈ N . Hence N is a weakly AG2-absorbing ideal of R.
(ii) ⇔ (iii). Since R is a regular ring, we obtain this part immediately: For each n ∈ ,
iv). This follows directly from (1).
It is clear that any field F is a von Neumann regular local ring (F, {0}).
Corollary 7 Any commutative von Neumann regular local ring (R, K) in which every proper ideal is weakly AG2-absorbing must be a field.
Proof : It follows from Proposition 12 that K = 0. Thus the only ideals of R are {0} and R itself. Hence R is a field.
The next theorem provides a characterization of commutative von Neumann regular local rings in which every proper ideal is AG2-absorbing. Proof : Assume that K 2 = 0. Let J be a proper ideal of R and a, b, c ∈ R be such that abc ∈ J. Note that J is a weakly AG2-absorbing ideal of R by Proposition 12. Hence if 0 = abc ∈ J, then there is nothing to prove. Thus assume that abc = 0 so that abc ∈ K. We divide our argument into 2 cases. Case 1: a or b or c is a unit. Since abc = 0, it follows that bc = 0 or ac = 0 or a b = 0. Case 2: a, b and c are not units. Since R is local, a, b, c ∈ K. Thus ac = bc = a b = 0 from K 2 = 0. Thus either ab = 0 ∈ J or bc = 0 ∈ J or ac = 0 ∈ J. Hence J is an AG2-absorbing ideal of R.
Conversely, assume that every proper ideal of R is an AG2-absorbing ideal. Since an AG2-absorbing ideal is also a weakly AG2-absorbing ideal of R, by Proposition 12 we show that K 2 = 0 as desired. Proposition 12, Corollary 7 and Theorem 2 provide conditions that make a commutative von Neumann regular local ring be a field. This significant result can be stated as follows.
Theorem 3 Let R be a commutative ring with identity. Then the following are equivalent. (i) R is a field. (ii) R is a commutative von Neumann regular local ring in which every proper ideal is weakly AG2-absorbing. (iii) R is a commutative von Neumann regular local ring in which every proper ideal is AG2-absorbing.
Hence commutative von Neumann regular local rings with the property that all proper ideals are weakly AG2-absorbing must be fields. In such a ring, an ideal is AG2-absorbing if and only if it is weakly AG2-absorbing, in which case it is, of course, the zero ideal.
Corollary 8 Let R be a commutative von Neumann regular local ring with identity which is not a field. Then there exist proper ideals I = {0} and J of R, not necessary distinct, such that the ideal I is not weakly AG2-absorbing and the ideal J is not AG2-absorbing.
PROPERTIES OF AG2-ABSORBING IDEALS AND WEAKLY AG2-ABSORBING IDEALS OF DECOMPOSABLE COMMUTATIVE RINGS
A commutative ring R is said to be decomposable if it can be written as a product of commutative non-zero rings, i.e., R = R 1 × R 2 × · · · × R n for some commutative non-zero rings R 1 , R 2 , . . . , R n . Proof : (i) ⇒ (ii). Assume that I×R 2 is a weakly AG2-absorbing ideal of R. Suppose that I × R 2 ⊆ Nil(R). Then for each r ∈ R 2 there exists k ∈ such that r k = 0. In particular, 1 k = 0 which is a contradiction. Thus I×R 2 is a weakly AG2-absorbing ideal of R such that I × R 2 Nil(R). By Corollary 4, the ideal I × R 2 must be AG2-absorbing.
Proposition 13
(ii) ⇒ (iii). Assume that I×R 2 is an AG2-absorbing ideal of R. Let a, b, c ∈ R 1 be such that abc ∈ I.
Thus a i e ∈ I or c j e ∈ I or (ac)
k ∈ I × R 2 as desired. As a result, any ideal of the form I ×R 2 (where I is a proper ideal of R 1 ) is AG2-absorbing if and only if it is weakly AG2-absorbing, and in this case I must be an AG2-absorbing ideal of R 1 .
The next proposition gives conditions under which AG2-absorbing ideals and weakly AG2-absorbing ideals of decomposable commutative rings coincide. Proof : (i) ⇒ (ii). Assume that I ×J is a weakly AG2-absorbing ideal of R. If J = R 2 , then I is an AG2-absorbing ideal of R 1 by Proposition 13. Suppose that J = R 2 . To show that J is a primary ideal of R 2 , let a, b ∈ R 2 be such that ab ∈ J and let 0 = l ∈ I.
Proposition 14
Hence J is a primary ideal of R 2 . Similarly, I is a primary ideal of R 1 .
(ii) ⇒ (iii). Assume (ii) holds. If J = R 2 and I is an AG2-absorbing ideal of R 1 , then I × R 2 is an AG2-absorbing ideal of R by Proposition 13. Suppose that both I and J are primary ideals. Moreover, let a 1 , a 2 , a 3 ∈ R 1 and b 1 , b 2 , b 3 ∈ R 2 be such that (a 1 , b 1 )(a 2 , b 2 )(a 3 , b 3 ) ∈ I × J. Thus www.scienceasia.org Proof : (i) ⇒ (ii). Assume that I ×J is a weakly AG2-absorbing but not AG2-absorbing ideal of R. If J = {0}, then I × J is an AG2-absorbing ideal of R by Proposition 14, contradicting the hypothesis. Thus J = {0}. Next, we show that J = {0} is a primary ideal of R 2 . Let a, b ∈ R 2 be such that a b ∈ {0} and let 0 = l ∈ I. Then (1, a) 
Thus {0} is a primary ideal of R 2 . Now, to show that I is a weakly primary ideal of R 1 , let a, b ∈ R 1 be such that a b ∈ I {0}.
Hence I is a weakly primary ideal of R 1 .
Finally, suppose that I is a primary ideal of R 1 . We claim that I ×{0} is an AG2-absorbing ideal of R. Let (ace, bd f ) = (a, b)(c, d)(e, f ) ∈ I × {0}. Since I and {0} are primary ideals of R 1 and R 2 , respectively, we may assume that a r ∈ I and b s ∈ {0} for some r, s ∈ . Thus [(a, b)(c, d)] r+s ∈ I×{0}. Hence I×{0} is an AG2-absorbing ideal of R as claimed which contradicts the assumption. Hence I is a weakly primary but not primary ideal of R 1 as desired.
(ii) ⇒ (i). Assume that I is a weakly primary but not primary ideal of R 1 and J = {0} is a primary ideal of R 2 . Let a 1 , a 2 , a 3 ∈ R 1 and b 1 , b 2 , b 3 ∈ R 2 be such that (a 1 a 2 a 3 , b 1 b 2 b 3 ) =  (a 1 , b 1 )(a 2 , b 2 )(a 3 , b 3 ) ∈ I × J {(0, 0)} = I × {0} {(0, 0)}. Thus a 1 a 2 a 3 ∈ I {0} and b 1 b 2 b 3 ∈ {0}. Since I is weakly primary, we may assume a p 1 1 ∈ I for some p 1 ∈ . Moreover, since {0} is a primary ideal of R 2 , there is j ∈ {1, 2, 3} such that b q j j ∈ {0} for some q j ∈ . Hence [(a 1 , b 1 )(a j , b j ) ] p 1 +q j ∈ I × {0}. Hence I ×{0} = I ×J is a weakly AG2-absorbing ideal of R. Finally, we show that I × {0} is not an AG2-absorbing ideal of R. Since I is a weakly primary ideal of R 1 but not primary, there are a, b ∈ R 1 such that ab = 0 but a / ∈ I and b m / ∈ I for all m ∈ . Since (a, 1)(1, 0)(b, 1) = (0, 0) ∈ I × {0} but we conclude that I × {0} is not an AG2-absorbing ideal of R. It seems that Proposition 14 and Proposition 15 contradict each other. But, in fact, they do not. The assumptions of these two propositions are different, because J must be a non-zero ideal in Proposition 14 but J is just an ideal in Proposition 15. This means that J = 0 or J = 0 are key conditions that distinguish between them. Proposition 15 is a very strong characterization; it ensures that in a decomposable commutative ring an ideal of the form I×J that is weakly AG2-absorbing but not AG2-absorbing (where I is a non-zero proper ideal) can only occur under the condition that J is a non-zero primary ideal.
For the rest of this section, let R 1 , R 2 and R 3 be commutative rings with identities. Recall that an ideal I of R 1 × R 2 × R 3 must be of the form Proof : Assume that I is a weakly AG2-absorbing ideal of R. Since {(0, 0, 0)} is a weakly AG2-absorbing ideal of any ring, we may assume that I 1 × I 2 × I 3 = I = {(0, 0, 0)}. Thus there is an element (0, 0, 0) = (a, b, c) = (a, 1, 1)(1, b, 1)(1, 1, c , 1, 1)(1, b, 1) ] k ∈ I for some i, j, k ∈ . Thus I 2 = R 2 or I 1 = R 1 or I 3 = R 3 , respectively. Consequently, I = I 1 × R 2 × I 3 or I = R 1 × I 2 × I 3 or I = I 1 × I 2 × R 3 . If I ⊆ Nil(R), then R 1 = {0} or R 2 = {0} or R 3 = {0}, which is a contradiction. Since I is a weakly AG2-absorbing ideal of R such that I Nil(R), the ideal I must be an AG2-absorbing ideal of R.
The above theorem shows that in a ring R = R 1 × R 2 × R 3 , a weakly AG2-absorbing ideal which is not AG2-absorbing is unique and it must be the zero ideal. 
